Over the years, three-dimensional models of the mitral valve have generally been organized around a simplified anatomy. Leaflets have been typically modeled as membranes, tethered to discrete chordae typically modeled as one-dimensional, non-linear cables. Yet, recent, highresolution medical images have revealed that there is no clear boundary between the chordae and the leaflets. In fact, the mitral valve has been revealed to be more of a webbed structure whose architecture is continuous with the chordae and their extensions into the leaflets. Such detailed images can serve as the basis of anatomically accurate, subject-specific models, wherein the entire valve is modeled with solid elements that more faithfully represent the chordae, the leaflets, and the transition between the two. These models have the potential to enhance our understanding of mitral valve mechanics, and to re-examine the role of the mitral valve chordae, which heretofore have been considered to be "invisible" to the fluid and to be of secondary importance to the leaflets. However, these new models also require a rethinking of modeling assumptions. In this study, we examine the conventional practice of loading the leaflets only and not the chordae in order to study the structural response of the mitral valve apparatus. Specifically, we demonstrate that fully resolved 3D models of the mitral valve require a fluid-structure interaction analysis to correctly load the valve even in the case of quasi-static mechanics. While a fluid-structure interaction mode is still more computationally expensive than a structural-only model, we also show that advances in GPU computing have made such models tractable.
Introduction
The anatomy of the mitral valve (MV) is complex; it includes two asymmetric leaflets attached to the left ventricle at the annulus, and numerous chordae tendineae that serve to attach the leaflets to the left ventricle via the papillary muscles. The chordae attach in a transitional way to both the free edge of the leaflet and to the ventricular surface. Some smaller chords do not connect to the leaflet at all but rather provide connections between adjacent chords. The function of the valve throughout the cardiac cycle is complex, and involves interaction among all of these structures. To this day, a complete understanding of the complex mechanical function of the normal MV remains elusive.
Three-dimensional computational mechanics models have been developed over the years to better understand both normal mitral valve function, [1, 2, 3, 4, 5] dysfunction in the presence of disease, [6, 7, 8, 9] or function/dysfunction in surgically repaired states [10, 11, 12, 13] Modeling outcomes are typically quantitative predictions of tissue stress or hemodynamic alterations [9, 3, 14, 15] resulting from disease or surgery. Only in the latter case have researchers attempted to model fluid-structure interactions (FSI), since, clearly, the mitral valve exists as a submerged structure in a highly dynamic fluid environment. Still, researchers have long foregone the complexity of an FSI analysis and focused on static and quasi-static loading of the valve during closure by simply applying a pressure boundary condition on either the atrial or ventricular sides of the leaflets. [16] This simplification has been possible because the leaflets have been modeled as twodimensional elements (shells or membranes) and because the chordae have been modeled as separate, discretely connected one-dimensional elements (cables or beams). [17, 18, 19, 20, 21, 22, 23, 24, 25, 26] This conceptualization facilitates applying a pressure boundary condition to the 'leaflets' and ignoring the chordae. So ingrained has this thinking become that it is now commonplace to conceptualize the chordae as strings that are 'invisible' to the fluid. However, this is not an accurate assumption.
In fact, the physical distinction between the chordae and the leaflets is not always clear, a point that has become more apparent with the increasing availability of high-resolution imaging data of the mitral valve. With no clear boundary between chordae and leaflets, a priori application of a pressure boundary condition to the leaflets becomes problematic in the absence of fluid loading.
To investigate the validity of simplified applied pressure boundary conditions with geometrically faithful, imaging-based models, we developed a fully 3D model of the mitral valve wherein the entire mitral apparatus was directly determined from the segmentation of high-resolution CT data. [4, 5] In this model, there are no anatomical delineations between chordae and leaflet. Moreover, all mechanical behavior of the valve apparatus is governed by a unified constitutive model with spatially varying parameters. Unlike previous models of the mitral valve, the chordae are fully three-dimensional and their transition into the leaflets is anatomically accurate. In this paper, two models are analyzed. In the first model, abbreviated as FSI, the entire valve apparatus is mechanically coupled to the fluid. Thus, the interfacial pressure develops organically. In the second model, abbreviated as STR, a pressure boundary condition, equivalent to the one in the FSI model, is applied to the ventricular side of the 'leaflets' and no fluid-structure interaction is considered. We then compare model predictions to measured forces that develop in the chordae.
Methods
Model development, including μCT in-vitro scanning, image processing and mesh generation have been previously described and validated. [4, 5] In short, explanted ovine mitral valves were mounted in an in-vitro setup, and structural data for the mitral valve was acquired with μCT. Experimental data from the in-vitro ovine mitral valve system were used to validate the computational model.
Tissue
The constitutive model for the material properties utilized a three-dimensional splay invariant, based on an approximation of a three-dimensional Gaussian distribution of fibers. [27] The model is defined in terms of the 2 nd Piola-Kirchhoff stress, S, as follows where J is Jacobian, κ is bulk modulus, σ i is passive fiber stress-strain rule for the i th (1 or 2) fiber population, ε is active fiber stress-strain rule, Dev is deviatoric projection operator, and C is right-Cauchy deformation, and λ i is dispersed fourth invariant defined as where C̄ is the isochoric part of the right-Cauchy deformation, K is called the dispersion tensor or anisotropy tensor and is given in global coordinates; note, as K embodies the concept of dispersion, λ is not a stretch in a classical sense. The matrix K is governed by splay parameters described in literature. [27] The biaxial stress-strain behavior of the mitral leaflets ( Fig. 1(a) ) is characterized by the structural constitutive equation.
The passive fiber model is defined in the fiber coordinate system, and is given by a microstructural model [27] based on the physiology of crimped collengen fibers (see Alg. 1, Fig.  1(b) ); specifically, given a fiber stretch λ, this model returns the true stress σ/λ and tangent modulus dσ/dλ of the fiber. There are three physiologic parameters (material constants defined at the top of the algorithm) that the user must supply. The discontinuity in the dσ/dλ curve indicates that the model presented in Alg. 1 predicts a stress σ response that is continuous and once-differentiable in stretch λ up to fiber failure.
Specific parameter values used in this model are given below. For all structures, the bulk modulus, κ, was 2.80 × 10 4 kPa; the isotropic parameter μ was 10.0 kPa and the fiber stiffness, E f was 4.8 × 10 4 kPa. Dimensionless parameters H 0 /r 0 and R 0 /r 0 were 14.5 and 1.75 for the anterior leaflet, 7.0 and 1.0 for the posterior leaflet, and 8900.0 and 25.0 for the papillary muscles. For all chordae, R 0 /r 0 was 5.0. H 0 /r 0 varied for most chordae, ranging from 1.35 for the strut chordae to 90 for the marginal chords.
Fluid
Fluid-structure interaction of cardiac valves is challenging because valve closure represents a change in topology. We chose to adopt an approach based on smooth particle hydrodynamics (SPH) because of its flexibility and because of its compatibility with GPU architectures. [29] With SPH, the fluid is modeled as a collection of discrete particles. In our approach, the fluid is assumed to be barotropic, weakly-compressible and inviscid, and is governed by a set of ordinary differential equations as follows. To be able to integrate the above system of common differential equations, additional information about the motion of the fluid particles themselves is needed in form of equations of motion and state. The motion equation is The artificial viscous term above, Π ij , is defined as where In the viscous term above, the usual constants α and β for FSI water free surface are 0.03 and 0.001 respectively, c is speed of sound, is to prevent numerical divergence when two particles approach each other and v represents the particle velocity vector. The viscosity is farther treated using laminar viscous term in Navier-Stokes equation as follows where the laminar viscous term becomes
In the weakly compressible SPH formulation, the speed of sound for each particle must be chosen carefully to ensure that the fluid is very closely incompressible. To determine the Typically, η is set to 0.01, i.e. following density variations of the order of 1%.
Fluid-Structure Interaction
The SPH particles interact with the structural finite elements using a penalty based contact algorithm. In penalty-based contact, when a penetration is found, a force proportional to the penetration depth is applied to resist and eliminate penetration. Linear contact spring stiffness is based on the nodal masses that come into contact and the time step size as follows
The resulting contact stiffness is independent of the material constants so it is well suited for treating contact between fluid and structure.
Boundary Conditions
For the FSI analysis, fluid particles were confined in a pipe-like rigid structure surrounding the MV model and prescribed velocity boundary conditions were applied to the open ends to develop clinically relevant pressures, see Fig. 2 . The prescribed velocity profiles used in the simulations were based on the data used in the in-vitro measurements. [30] The nodes at the bottom of the papillary muscles were fixed in all three directions, as well as the nodes on the annular attachment. Pressure develops from flow of the fluid particles. During the systole, the fluid particles are driven towards the atrium. As a result, the pressure builds up only on the ventricular surface of the valve and subsequently drives the closure of the leaflets. In the STR analysis, physiologically equivalent pressure fields were applied directly to the ventricular surface of the leaflets to simulate the closure.
Solution
At run time, 346,676 discrete particles were created in the fluid domain. Fluid motion and boundary interaction was solved with the the IMPETUS Afea SPH Solver ® , while large 
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Author Manuscript deformation in the solid mitral valve was simultaneously solved with the IMPETUS Afea Solver ® . Both the solvers use a commodity GPU for parallel processing. All solid elements were fully integrated removing the possibility of hourglass modes and element inversion that plagues the classic under-integrated elements.
Both fluid and solid domains and their interaction were solved with an explicit integration scheme. All simulations were solved on a standard workstation. Parallel acceleration was achieved with a Tesla K40 GPU with 12 GB of Graphic DDR memory and 2880 CUDA Cores. To confirm that convergence was reached, h-refinement of the finite element mesh was performed and the solution was found to yield same results.
Results
The leaflet and chordal stresses computed by the STR and FSI simulations showed a distinct increase in stress magnitude at full closure (Fig. 3b) , as compared to the open state (Fig. 3a) .
The stress was not symmetrically distributed, a result of the valve specific geometry, which is itself not symmetric. The local maxima of the principal stress values (1 MPa) were found primarily on the chordae tendineae and their connections to the leaflets.
Comparable closure is reached using the STR analysis only, but the behavior of the chordae tendineae is obviously different and not in agreement with in-vivo (or in-vitro) observations. [30] By comparing the STR and FSI results in Fig. 3 at two different time points, a clear difference can be seen not only in the stress distributions, but also in the shape of the chordae tendineae, especially at T = 0.75·T sys where full closure has not been reached yet and is expected to be reached at T sys ; as demonstrated by the dashed lines tracing two of the chordae (Fig. 3(a) ). The chordae in Fig. 3(a) for STR analysis are visibly arched while the chordae in Fig. 3(a) for FSI analysis are straight. Thus, if we examined the forces at each chordal attachment and plot the resulting vectors, their directions would naturally be different, as shown in Fig. 4 .
Furthermore, the time course of chordal attachment forces along all three axes were in very good agreement between computational FSI and experimental measurements ( Fig. 5(b) ). [4] The same is not shown in the case of the structural analysis ( Fig. 5(a) ).
On top of that, the FSI analysis can provide additional fluid-related results that STR analysis cannot. The Fig. 6 shows the regurgitant volume measured as the mass of the fluid particles crossing the area at the level of the MV annulus. No regurgitation is observed from the point when both the leaflets come in contact together, whereas the highest level of regurgitation is observed at time point T = 0.3·T sys .
Discussion
This work addresses the question whether FSI analysis is actually necessary when simulating the MV closure. It is shown that the time course of the papillary muscle forces is not in agreement with the experimental measurements when the fluid domain is omitted from the simulations. It is, however, assumed that the difference would be smaller if simplified representation of the chordae tendineae was used. However, in that case it would not be possible to validate this model with the experimental results [30] that are directly related to the subject-specific chordal structure unless closely tuned intentionally. Moreover, in simplified models, the distribution of stress, particularly at the "juncture" between chords and leaflets, is an artifact of modeling choices rather than patient-specific properties, including geometry. Thus, when chordae related pathologies are to be investigated and valve-specific geometry is used for that purpose, the FSI is necessary for accurate analysis.
It is important to note that, while prior to closure the magnitudes and directions of chordal force are different, e.g. at T = 0.75·T sys , at closure, i.e. at T = T sys , the magnitudes and directions of chordal forces are comparable. However, select chordal forces and directions are but one set of validation measures. Fig. 3 illustrates that stress distribution in both the chordae and the leaflets are quite dissimilar.
Finally, an FSI analysis permits the investigation of the influence of chordae tendinae on fluid flow in both health and disease. To our knowledge, this question has never been looked at. Even casual consideration of MV geometries now resolvable with high-resolution imaging indicate that the assumption that chords are 'invisible' to ventricular blood is inaccurate. It is a distinct advantage of FSI methods that they can realistically model regurgitant blood flow and volume ( Fig. 6 ). Furthermore, the FSI analysis has a potential to investigate vortices that form upstream and downstream of the valve.
There are good reasons why most finite element modeling of the MV includes simple chordal geometry. The current cardiac imaging techniques with 3D echo and MRI are not nearly as detailed as the images that can be obtained in a μCT. Much work remains to be done to improve and streamline image-collection and image-processing strategies to make patient-specific MV modeling clinically relevant. However, increases in computational power have rendered such simulations possible. It is worth mentioning here that patient specific and clinically relevant models are two distinctive goals. Our model is not clinically relevant as of now, but it is patient/subject specific; and, therefore, suitable for analyzing different pathologies, especially when related to chordal structure.
The combination of SPH, to govern the fluid motion, and finite element method, to govern the motion and deformation of the solid parts, provides a unique advantage that allows the user to run these complex simulations on single GPU station and the closure of the MV is reached in a reasonable run time. And, most importantly, the simulations are stable and producing converged solutions without the need for remeshing. Currently, each simulation presented herein took about twelve hours of computing time to reach T sys . Moreover, GPU technology and its performance is increasing rapidly. Although, the SPH formulation used here assumed the fluid to be inviscid, we have made the comparison by introducing viscosity in one of the simulations and it did not have an influence on the MV closure and the results presented in this paper. Introducing viscosity will be more important when the fluid flow and formation of vertices is to be analyzed, which is the focus of our future work.
Today, it is possible to investigate the mechanics of the mitral valve throughout the cardiac cycle, considering all of the complexities and all of the interactions among its components. Proper understanding of these complex interactions is axiomatic. In the near term, on this foundation, we will turn our attention to the investigation of chordae tendineae-related pathologies, e.g. chordal rupture and its surgical repair techniques, and their influence on transvalvular hemodynamics. It is the balance between stress and flow, tissue and blood, closure and regurgitation that determines functional equilibrium for cardiac valves. An FSI analysis permits the study of that equilibrium or its loss in the context of surgical repair. Our work has shown that that FSI analysis is now tractable without omitting the role and complexity of the mitral valve chordae. Anterior mitral valve stress-strain behaviour, fiber and cross-fiber directions. Arrows indicate the effect of increasing strain levels in the orthogonal direction (a) [28, 9] and the fiber direction at each point of the mitral valve mesh (b). Individual components of posterior-medial papillary muscle force from FSI and STR analyses compared with experimental measurements. [30] Toma et al.
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